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Calculation and Depiction of 
Joint Angles in Suspension Systems

Ever shorter times to market and the increasing require-
ments being made on the functionality of chassis systems
necessitate an efficient development process. Careful, ad-
vanced development ensures that parameters are integra-
ted at an early stage and conditions for subsequent deve-
lopment can be rapidly and reliably postulated. Together
with „ZF Lemförder Fahrwerktechnik”, the „Institut für
Kraftfahrwesen Aachen (ika)” has created a calculation
program for use in advanced suspension development.

1  Introduction

The calculation tool ABE has been developed
for the purpose of advanced kinematic de-
sign for axle systems. This tool is modular
and has been continuously further devel-
oped. ABE is a tried-and-tested, autonomous
development tool, which enables rapid kine-
matic analysis and advanced design of axles.

ABE has now been extended by a mod-
ule for calculating the joint angles of ball
joints and bushings in the case of axle sys-
tem rigid kinematic movements. The new
joint angle module is capable of evaluating
and visualizing the relative joint positions
during the movement sequences which oc-
cur in an axle system with the two degrees
of freedom „spring movement“ and „steer-
ing movement“.

2  The Basic Tool ABE

The ABE software tool has been designed
for kinematic analysis, for comparing and
benchmarking and for rapid, advanced de-
sign of axle systems. After inputting the
axle's kinematically relevant pivot points
(hard points), all characteristic kinematic
chassis values are calculated and depicted
rapidly. Fast axle system parameter varia-
tions and benchmark analyses are possi-
ble. Calculation of spatial suspensions (e.g.
Multilink) has been enabled. ABE has been
implemented in Visual Basic for Applica-
tions (VBA) under Microsoft Excel, and can
be used license free on virtually any PC.
The fast establishment of an axle system
and intuitive operation, in particular,
make acquisition of the program interest-
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ing, even on-site at the customer's premis-
es, Figure 1.

The calculation algorithm is based on a
mathematical approach by Matschinsky [1,
2]. This has been implemented in [3] and
considerably extended. This approach is
used to calculate the translatory and rota-
tional velocity status of the knuckle. The po-
sitions and velocities of all involved points
within the wheel suspension such as, e.g.
the tire contact patch or wheel centre, are
therefore explicitly available and are used to
calculate the characteristic kinematic values
[1, 2, 3], Table.

A general five-link mechanism forms the
basis of the calculations in ABE, enabling a
multitude of different wheel suspension sys-
tems to be described (double-wishbone, mul-
tilink suspension, etc.). Further suspension
types such as, e.g. McPherson suspensions
can also be calculated with ABE with the aid
of geometrical and kinematic formulations.
Describing the steering axis geometry, even
in the case of virtual steering axes, in the
case of both jounce and steering move-
ments, necessitates extended methods,
which are described in full in [3].

3  Joint Movement

When a wheel suspension is moved, control
arm movements occur; these are captured
as 2-point control arms in ABE. These result
in movements in the joints, with which the
control arms are fastened either to the vehi-
cle body or the knuckle. In this article, one
of the conventional cases in which the con-
trol arm is fixed to the body with a bushing
and with a ball joint to the knuckle is ana-
lyzed as an example. Of course, other config-
urations are also conceivable.

on the joint wear. In the case of a bushing,
specification of this joint angle may addi-
tionally be used to calculate alignment be-
haviour and aligning torque, taking materi-
al behaviour into consideration.

Whether in polar coordinates or 2-plane
projection, the relevant joint position can
be clearly read off for each suspension sys-
tem or knuckle movement status.

5  Wheel Suspension Movement 
Sequence

A standardized movement sequence has
been implemented to guarantee clear as-
signment of the joint angle results to the rel-
evant movement status and result compara-
bility. After the user has input the maxi-
mum jounce travel and maximum tie rod
deflection, a movement plan is generated.
This plan successively approaches all maxi-
mum positions starting from the design po-
sition. The spring can jounce and rebound
to the maximum positions and the tie rod
can be moved to its maximum right-hand
and left-hand positions. Together with the
initial position, the design position, this re-
sults in 9 different terminal positions. In
turn, this gives a total of 12 movement paths
along which travel occurs, Figure 4.

This method therefore efficiently
records all extreme kinematic joint status-
es, which may arise throughout the wheel
suspension's entire movement range. The
necessary kinematic angle ranges of the
individual joints can therefore be pre-di-
mensioned during advanced develop-
ment. The colors of the relevant move-
ment directions and the designations of
the relevant key positions in the move-
ment plan are also implemented in the re-
sult visualizations to facilitate orienta-
tion, see Chapter 11.

6  Fundamental Prerequisites of the 
Necessary Calculation Operations

In order to calculate the above mentioned
joint angles in polar coordinates, in cardan-
ic 2-plane projections and self-rotation, a
body-fixed coordinate system has to be de-
fined for each of the two joint components,
which are moved in relation to each other.
During wheel suspension movement, these
coordinate systems move relative to each
other. However, only the relevant, local rota-
tions, not the translatory movements, are of
kinematic relevance.

If two coordinate systems with the same
origin in the inertial system are known, the
relative movement of both systems can be
determined by depicting the deflected coor-

Different ball joints and bushings are re-
quired for each wheel suspension. Besides
load dependence, which is not the intended
topic of this article, the design is particular-
ly dependent on the kinematic require-
ments made on the joint. An axle supplier
such as ZF Lemförder supplies internally
manufactured joints and bushings, and is
therefore able to generate conclusions
which are vital to internal component devel-
opment during axle design and advanced
development. For example, the maximum
angle ranges which are achieved and the
joint positions reached over a defined move-
ment cycle are relevant to a ball joint. This
information significantly influences the de-
sign. In a ball joint, movement between the
ball pin and joint housing is kinematically
relevant, whilst movement between the in-
ner and outer sleeve is of interest in the case
of a bushing, Figure 2.

4  Joint Angle Depiction

The relative joint movements are output for
visualization in the form of either polar co-
ordinates or a projected 2-plane joint angle
depiction. The absolute opening angle can
be directly recorded in the polar coordinate
depiction. At the same time, the position an-
gle is used to specify the rotational position
at which the relevant joint aperture results.
In the 2-plane depiction, the position of the
deflected joint is described in relation to the
initial position via two projection angles.
The majority of joint angle depiction meth-
ods usual within the industry are thereby
covered. Figure 3.

Joint rotation around the main joint axis
(self-rotation) is also calculated. In the case
of a ball joint, self-rotation has an influence

Table: Excerpt from the list of characteristic kinematic values calculated in ABE

Travel of spring [mm] Castor angle [°]
Travel of wheel [mm] Mechanic trail [mm]
Toe angle [°] Castor offset [mm]
Rack travel [mm] Spread angle [°]
Steering angle [°] Scrub [mm]
Camber [°] Scrub offset [mm]
Tread width [mm] Disturbing force lever arm (braking) [mm]
Roll centre position (equal & unequal J&R) [mm] Disturbing force lever arm (accel.) [mm]
Optimal anti-dive angle [°] Inner steering angle [°]
Actual anti-dive angle [°] Outer steering angle [°]
Anti-dive percentage [%] Average steering angle [°]
Optimal anti-lift angle [°] Differential steering angle [°]
Actual anti-lift angle [°] Ackermann angle (outer) [°]
Anti-lift percentage [%] Ackermann percentage [%]
Oblique suspension angle [°] Steering wheel angle [°]
Spring ratio (spring travel / wheel travel) [-] Steering ratio [-]
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dinate system in the initial status' coordi-
nate system. It is then possible, for example,
to describe z-axis deflection in the target sys-
tem, corresponding to the absolute deflec-
tion of the joint which is to be described.

In this case, the initial position is as-
signed with the index „1“ and the deflected
position with the index „2“.

The rotation matrix A12 rotates the coor-
dinate system from the initial position „1” to
the target position „2” and therefore re-
ceives the given designation:

Eq. (1)

The notation for rotation, mapping and
coordinate transformation is taken from [4].
KS2

(1) means that the coordinate system with
the Index „2” is depicted in the local, non in-
ertial coordinate system „1” via coordinate
transformation. 

If target coordinate system „2” is to refer
to the local coordinate system „1”, the fol-
lowing applies:

Eq. (2)

A12 can therefore be used not only to ro-
tate vectors or coordinate systems in space
from an initial position to a target position,
but also to transform vectors or matrices in
various coordinate systems.

Like all of the rotation matrices used in
this algorithm, matrix A12 is orthonormal
(orthogonal and normalized) and is therefore
subject to the favourable characteristic that
the inverse of the transposed matrix applies:

Eq. (3)

7  Allocation of the Coordinate Systems

In order to be able to calculate the joints'
movement, the body-fixed coordinate sys-
tems of the joint components must be clearly
defined. In the case of the vehicle-mounted
bushing, orientation of the main joint axis is
clearly defined via the centre point of the
joint and by specifying a second point on the
main axis. Alternatively, the user can accept
a proposed joint orientation for the initial
analysis steps. In accordance with conven-
tion, the main joint axis is regarded as the z-
axis. This z-axis and the direction vector of
the 2-point control arm connected to the
joint span a plane. The x- and y-axes of the
initial system are clearly defined by means of
a cross product. Coordinate system B1 (bush-
ing system) is therefore clearly and comfort-
ably defined by inputting one individual
point on the main joint axis.

The same procedure applies to the ball
joint: in addition to the centre point of the
joint, the user defines a second point on the
ball pin axis (z-axis). Together with the z-ax-
is, the 2-point control arm vector defines the
joint's basic plane, and the individual axes
of the coordinate system are clearly deter-
mined, Figure 5. K1 (ball joint system) is
therefore also determined.

8  Description of Relevant Body 
Rotations

As described, the wheel suspension under-
goes a prespecified movement plan. In each
step, joint deflection is calculated and de-
picted in relation to the initial status. The
initial coordinate systems are defined. The
coordinates of the hard points are available
from the basic algorithm in ABE. As the ball
pin is bolted firmly to the knuckle, these co-
ordinates are also explicitly known. 

The relevant 2-point control arm vector
which is analyzed is familiar in both its ini-
tial and target position from the ABE algo-
rithm. The ball joint housing and the outer
bushing sleeve are bound firmly to the con-
trol arm and therefore undergo the control
arm's full rotation.

The case portrayed here results in the
joint movements shown in the Figure 6 in
the event of an even jounce movement.

The Figure shows a control arm, which is
rotated upwards out of its design position
(black) and into its current target position
(white) due to a jounce movement of the
wheel. In this figure, only an even rotation
is shown. The joint will undergo superim-
posed spatial rotations in general, which are
completely calculated in this algorithm and
which are designated as cardanic joint
movements. The inertial system is assigned
with (0), the system (1) describes the joints’
initial position. The target systems are as-
signed with (2) and (3).

It can also be seen that the ball joint shown
here undergoes several movements. Initially,
the joint housing rotates along with the over-
all rotation experienced by the 2-point control
arm. Without relative joint movement, the
ball joint would assume the light grey posi-
tion (K2). However, as the ball pin is bolted in
the knuckle, it is moved to a new target posi-
tion (dark grey, K3), with the result that rela-
tive ball joint movement between the two po-
sitions K2 and K3 is determined.

Due to this superimposed rotation, the
ball joint housing reference system first has
to be depicted in the corresponding posi-
tion K2 with the overall rotation matrix:

Eq. (4)

System K3 describes the deflected ball
pin, and is determined by the basic ABE al-
gorithm. Like K2, K3 is known following over-
all rotation, and is now transformed into
K3

(2), in order to determine the relevant joint
movement relative to K2:

Eq. (5)

The bushing-fixed coordinate system B2

must be depicted as B2
(1):

Eq. (6)

It can be seen that all matrices, with the
exception of transformation matrix D12, are
known for the relevant control arm which is
analyzed. 

9  Control Arm Movement and Rotation

Various control arm and joint layouts are
possible. Two different versions of the con-
figuration shown here with a bushing and
ball joint are initially conceivable. If two
control arms are comprised to form a wish-
bone, describing movement in the event of
spring movement, without steering move-
ment, is a simple matter: the momentary ax-
is of the movement runs thorough the two
involved, body-mounted bushings (version
1). Thanks to specification of the hard
points, this momentary axis is known di-
rectly in the global coordinate system. As
the wishbone ideally prohibits self-rotation
on the part of the two involved struts, over-
all rotation from the initial to the target po-
sition is very simple to describe.

If the two control arms do not form a
wishbone, the control arms must be ana-
lyzed individually. As a result of this, the
self-rotation on the part of the control arm
is basically possible in addition to the actual
movement to the target position (version 2).
The rotation significantly influences the
joint angles to be calculated. If the control
arm is rotated around its own axis, this rota-
tion can be read off directly as the projec-
tion angle αyz or the opening angle ϑ of the
relevant joints without any further, super-
imposed movement.

A rotation matrix which rotates the con-
trol arm from its initial position to its de-
flected position in such a way that the rele-
vant rotation is sensible and realistic there-
fore has to be found.

As the system analyzed here uses a bush-
ing, a vital characteristic is exploited: the
bushing has multi-axial spring characteris-
tics and therefore provides aligning torque
in the event of arbitrary deflection. This at-
tempts to move the joint back into its origi-
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nal position. In this algorithm, the assump-
tion is therefore made that the control arm's
rotation is of precisely the same extent so
that, starting from the basic joint position,
minimum possible, absolute joint opening
takes place.

Control arms and joint configurations
other than the one depicted here offer an
additional possibility of self-rotation. If the
strut is mounted with non-limiting ball
joints on both sides, free strut movement
around its own axis is possible without any
kinematic effects on the overall wheel sus-
pension mechanism (version 3). This is the
case in conventional tie rods. In order to nev-
ertheless obtain information on the relative
joint angles, the condition that the joining
control arm does not reveal rotation around
its own axis during overall movement is ap-
plied. The resulting joint angles must there-
fore be regarded as the minimum angles re-
quired for the involved joints.

The control arm's initial vector is present
as ➝a1 in the calculation algorithm. If the
wheel suspension is moved to a position
within the movement plan, the control
arm's target vector is known as ➝a2. Rotation
matrix D12, with which the following ap-
plies, is sought: 

Eq. (7)

with

Eq. (8)

and

Eq. (9)

B1 is known, as is the fact that ➝a2 has the
same coordinates in the new coordinate sys-
tem, B2, as ➝a1 in B1:

Eq. (10)

9.1  Version 1: Wishbone Configuration
For the wishbone with the two known,
body-mounted hard points (in this case,
P3 and P5), the rotation matrix can be
formed directly from the matrices of the
control arm-fixed coordinate systems DD1

in the basic position and DD2 in the target
position:

Eq. (11)

Eq. (12)

With the normalized vector, Eq. (13), the
momentary axis of the wishbone is defined
by the two body-mounted bushings.

Eq. (13)

➝a1
(1) und 

➝
d1z span the bushing's basic plane

and 
➝
d1y is located vertically on this:

Eq. (14)

Finally, 
➝
d1x results directly in Eq. (15),

with the result that matrix DD1 is fully allo-
cated and orthonormal.

Eq. (15)

Under the prerequisite that the momen-
tary axis is body-fixed, DD2 is populated in
the same manner and in the same sequence:

Eq. (16)

The following applies only in the event
that the user sets the main joint axes in the
involved bushings in the direction of the
wishbone's momentary axis 

➝
d1z:

Eq. (17)

Eq. (18)

If the main joint axes deviate from this
momentary wishbone axis, the bushings are
subject to kinematic deflection in the event
of wheel suspension movement. This can be
consciously applied or avoided. 

9.2  Version 2: Free Control Arm 
Configuration
Calculation of the transformation matrix
for version 2 is slightly more extensive. The
coordinate system is first described for the
bushing in its initial position:

Eq. (19)

➝
b1z is defined via the position of the cen-

tre point of the joint and the user's specifica-
tion regarding the 2nd point on the main
joint axis:

Eq. (20)

The control arm vector and the main
joint axis also span the joint's basic plane in
this case, Eq. (21), with the result that the
last remaining unit vector can be calculated:

Eq. (21)

Eq. (22)

In a manner similar to Euler rotation, the
subsequent depictional rotation of vector
➝a1

(1) to form ➝a2
(1) is subdivided into several ba-

sic rotations, each around one axis, in order
to enable clear and reliable description of
the matrices.

To ensure that the bushing undergoes
the minimum possible deflection, ➝a1 is first
depicted around the z-axis of B1 in an inter-
mediate position „P“. This position has the
characteristic that 

➝
b1z  and the target vector

➝a2
(1) span the xz-plane of the intermediate

position.
The first partial rotation (from 1 to P) can

therefore be described:

Eq. (23)

As rotation is carried out around the z-axis,
the following applies:

Eq. (24)

Based on the above condition for the xz-
plane in P, the following applies, Eq. (25),
whereby the last unit vector automatically
results as the cross product, Eq. (26).

Eq. (25)

Eq. (26)

This rotational matrix maps ➝ap
(1) in the inter-

mediate position:

Eq. (27)

With this rotation, the intermediate posi-
tion vector ➝ap

(1) and the target vector ➝a2
(1) are

now located in a common plane, the xz-
plane of system P. The next rotation there-
fore takes place around the y-axis ➝py, in or-
der to correctly rotate ➝ap on ➝a2. To achieve
this, both vectors are first transformed into
the system P:

Eq. (28)

Eq. (29)

Direct resolution of this rotation would
be possible with the aid of a rotation ma-
trix with trigonometry functions. As, how-
ever, such direction cosines are not direc-
tionally clear under certain circumstances,
the rotational variant with unit vectors is
used due to reasons of universal program-
ming. 

To accomplish this, ➝ap is first rotated
back to a basic axis with T21, in order to be
subsequently rotated from this basic axis,
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with clear unit vectors and T22, to the tar-
get position:

Eq. (30)

Eq. (31)

Accordingly, the overall transformation ma-
trix in system P is as follows:

Eq. (32)

The initial vector ➝a1 has therefore been
rotated step-by-step, taking the control arm's
necessary self-rotation into consideration, in
vector ➝a2. The rotation matrix is therefore
clearly defined:

Eq. (33)

9.3  Version 3: Free, Non-fixed Control
Arm Rotation
Control arm self-rotation is prohibited in its
entirety in version 3. To achieve this, the
transformation matrix is subdivided into ba-
sic rotations from the initial status to the
target status. As mentioned above, this can
be carried out in a manner similar to Euler
rotations. In this case, however, rotation
with Bryant angles is selected [4]. In con-
trast, e.g. to the frequently used Euler x con-
vention (z, x, z or 3, 1, 3 rotation) [5], this re-
veals a rotation sequence which affects all
three spatial axes (x, y, z or 1, 2, 3). It is there-
fore possible to initially rotate the body-
fixed coordinate system B1 in such a way
that a local, spatial axis is assigned to the
control arm vector, in order to then apply
such a Bryant rotation. The rotation matrix
which rotates around the control arm axis is
then set to unit matrix. Therefore, basis rota-
tions takes place only twice without control
arm self-rotation.

10  Presentation of Results

If the control arm movement's transforma-
tion matrix is known for the individual 2-
point control arm, the relative joint move-
ments can be determined, Figure 3.

The following angles can now be read off
from the components of the vector which
describes the z-axis: the opening angle ϑ
the position angle ϕ and the projected de-
flection angles αyz and αzx. As the length of
the vector is normalized, the two polar an-
gle specifications or the two projection an-

gles are sufficient in each case to fully and
completely describe the joint position.
The z-axis is described via:

Eq. (34)

This results in the following angle calcula-
tions:

Opening angle: 

Eq. (35)

Eq. (36)

Position angle: 

Eq. (37)

Eq. (38)

Projection angle in the yz-plane:

Eq. (39)

Eq. (40)

Projection angle in the zx-plane:

Eq. (41)

Eq. (42)

ϕ, αyz and αzx are defined in sections in this
case.

Definition of the angle's origin is impor-
tant as regards result evaluation and com-
parability. The rotational direction of the
angle specifications follows the mathemat-
ically positive directions of the coordinate
system.

11  Result Example and Assessment

The result of a joint angle calculation for a
knuckle-mounted ball joint in a 5-link sus-
pension is shown as an example in Figure 7.

The designations are taken from the
movement plan; the four different colours
identify the wheel suspension's relevant
movement direction. The polar angles ϑ and
ϕ are shown in the left-hand Figure, whilst
the two projected joint angles αyz and αzx

are shown in the right-hand Figure. These di-
agrams can be used to inform the compo-
nent developer of important results, such as
e.g. the joint's maximum, absolute deflec-
tion (in this case, point C) or the shape of the
joint housing orifice A further results dia-
gram regarding the joint's rotation around
its own main axis provides other, important
information. 

Depiction of all of the joint angles which
occur throughout a complete movement
plan can also provide important data on
whether the relevant joint has to be pre-an-
gled in the design position, in order to im-
plement optimized, more efficient joint
movement. This results in joint movements
with minimized wear or more favourable
kinematics.

The approach to calculating and depict-
ing joint angles in the chassis which is de-
scribed here enables the developer to pro-
vide important information for the contin-
ued chassis joint development process in an
elegant and efficient manner as early as dur-
ing the advanced development process.
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